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Abstract

We present an operator approach to deriving Mehler’s formula and the Rogers
formula for the bivariate Rogers—Szegd polynomials %, (x, y|g). The proof
of Mehler’s formula can be considered as a new approach to the nonsymmetric
Poisson kernel formula for the continuous big g-Hermite polynomials
H, (x; a|g) due to Askey, Rahman and Suslov. Mehler’s formula for £, (x, y|q)
involves a 3¢, sum and the Rogers formula involves a »¢; sum. The proofs
of these results are based on parameter augmentation with respect to the g-
exponential operator and the homogeneous ¢-shift operator in two variables.
By extending recent results on the Rogers—Szegd polynomials 4,,(x|g) due to
Hou, Lascoux and Mu, we obtain another Rogers-type formula for 4,,(x, y|g).
Finally, we give a change of base formula for H,(x; a|q) which can be used to
evaluate some integrals by using the Askey—Wilson integral.

PACS number: 02.30.Gp
Mathematics Subject Classification: 05A30, 33D45

1. Introduction

The Rogers—Szegd polynomials %, (x|g) have been extensively studied since the end of the
19th century. Two classical results for the Rogers—Szegd polynomials are Mehler’s formula
and the Rogers formula which respectively correspond to the Poisson kernel formula and the
linearization formula. In this paper, we extend Mehler’s formula and the Rogers formula
to the bivariate Rogers—Szegd polynomials 4, (x, y|g) by using the g-exponential operator
as studied in [11] and the homogeneous g-shift operator recently introduced by Chen, Fu
and Zhang [10]. It should be noted that Mehler’s formula for %, (x, y|g) is equivalent to
the nonsymmetric Poisson kernel formula for the continuous big ¢g-Hermite polynomials due
to Askey, Rahman and Suslov [5]. So, our proof of Mehler’s formula for 4, (x, y|g) may
be considered as a new approach to the nonsymmetric Poisson kernel for the continuous big
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g-Hermite polynomials. Ascan be seen, the bivariate version of the Rogers—Szeg6 polynomials
is easier to deal with from the operator point of view.

Let us review some common notation and terminology for the basic hypergeometric series
in [13]. Throughout this paper, we assume that |¢| < 1. The g-shifted factorial is defined by

00 n—1
(@ q)o =1, (@; @)oo = [ [(1 — ag"), (@ q) =[]0 = agh). neZ.
k=0 k=0

The following notation stands for the multiple g-shifted factorials:
(ala az,...,0an; q)n = (al; q)n(aZ; q)n e (am; Q)n,
(ar,az, ..., am; @)oo = (@15 4)oo(@2; @)oo =+ * (Am’ §)oo-

The g-binomial coefficients, or the Gaussian coefficients, are given by

[ﬂ] _ (g5 Pn
k] (@ k(g Onik

The basic hypergeometric series ¢, are defined by

o0
ai, ..., 0r4 @is.oosrats On
r r 4, X | = X .
9 (bl,...,b, 9 ) Z(q,bl,...,br;q)n

n=0

We will be mainly concerned with the bivariate Rogers—Szegé polynomials as given
below:

k=0 k

(. ylg) =Y H P(x. ).

where P,(x,y) = (x — y)(x —qy)---(x — g""'y) are the Cauchy polynomials with the
generating function
Ot oo

9] [”
Pn ’ = ’ 1~ 1.1
nz:; () (@ Dn (X5 @)oo il = @b

Note that the Cauchy polynomials P, (x, y) naturally arise in the g-umbral calculus as studied
by Andrews [2, 3], Goldman and Rota [14], Goulden and Jackson [15], Thrig and Ismail [17],
Johnson [21] and Roman [27]. The generating function (1.1) is also the homogeneous version
of the Cauchy identity or the ¢g-binomial theorem [13]:

o]

(@ @ 4 _ @z @)oo
= , 1. 1.2
; @D @ = 42

Putting a = 0, (1.2) becomes Euler’s identity [13]

izk 1

=@ @

|z] <1 (1.3)

and its inverse relation takes the form
o0

(—DFgO)2*
YR (e (1.4)
= @k
The continuous big g-Hermite polynomials [23] are defined by

n

n . .

H,(x;alg) =) [k](a e g e, x = cos#.
k=0
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We first observe that the bivariate Rogers—Szegd polynomials /4, (x, y|g) introduced by
Chen, Fu and Zhang [10] are equivalent to the continuous big g-Hermite polynomials owing
to the following relation:

H,(x;alg) = ei”th(e’m, a e’ie|q), X =cosf. (1.5)

The polynomials 4, (x, y|q) have the generating function [10]:

o0
t" t;

) e, Y1) _ O it <1, |xt| <1, (1.6)

n=0

@ Dn X @)oo

which is equivalent to the generating function for the big continuous g-Hermite polynomials,
see, for example, Koekoek—Swarttouw [23]. Note that the classical Rogers—Szego polynomials,

ha(xlg) =Y mxk,

k=0

are a special case of /,,(x, y|g) when y is set to zero, and in this case (1.6) reduces to

ih - 1 1] <1 (1.7)
n{Xlq = ) < L .
s (@@ (X1 q)0

The Rogers—Szego polynomials play an important role in the theory of orthogonal polynomials,
particularly in the study of the Askey—Wilson polynomials, see [1, 4, 8, 9, 18, 20, 24, 29].
They are closely related to the g-Hermite polynomials

H,(x|q) = Z [Z] el(n=2h0 X = cosf.

k=0
In fact, the following relations hold:
H,(x|q) = H,(x;0lq) =" h, (e’ |q), x = cos . (1.8)

The continuous big g-Hermite polynomials H,(x; a|q) are connected with the g-Hermite
polynomials H, (x|g) via the following relation [7, 12]:

" n
H,(x: alq) =Z[ ](—D"q@)a"ﬂn_k(ﬂq), (1.9)
k=0 k
and the inverse expansion of (1.9) becomes
- n
H, = KH, o (x: ) 1.10
(xlq) gua k(x: alq) (1.10)

This paper is motivated by the natural question of extending Mehler’s formula to
h,(x, y|lg), where Mehler’s formula for the Rogers—Szeg6 polynomials reads

n

" i e
(q; @, xt, Y1, XY1; @)oo

D ha(xl@)ha(y1q)
n=0
Formula (1.11) has been extensively studied, see [11, 18, 22, 24, 29, 30]. Based on the
recurrence relation for H, (x|q), Bressoud [9] gave a proof of the equivalent formula, or the
Poisson kernel formula, for the g-Hermite polynomials H, (x|q). Ismail, Stanton and Viennot
[20] found a combinatorial proof of the Poisson kernel formula for H, (x|g) by using the vector
space interpretation of the g-binomial coefficients. Askey, Rahman and Suslov [5] derived

(1.11)
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the nonsymmetric Poisson kernel formula for the continuous big g-Hermite polynomials
H,(x: alq):

" (ate be 12 q) o
(G5 @n - (t €0+P) 1 el0—P) 1 e=iO+B) 1 e—i0-B): g)

1P e 10D ar/b ;
’ > . —iB
x 3¢2( at e 2 ;g be™ ), (1.12)

ZHn(x alq)H,(y; blg)
n=0

where x = cosf,y = cos 8. The above formula can be viewed as Mehler’s formula for
H, (x; alg). Moreover, it can be restated in terms of 4, (x, y|q) (theorem 2.1). The first result
of this paper is an operator approach to Mehler’s formula for 4, (x, y|g). We will present a
simple proof by using the exponential operators involving the classical g-differential operator
and a bivariate g-differential operator introduced by Chen, Fu and Zhang [10].

The second result of this paper is the Rogers formula for %, (x, y|q). The Rogers formula
[11 24, 25] for the classical Rogers—Szegé polynomials h,(x|q) reads:

/- 0 hy, hp
2(:)",2;) mw(q D~ ) 2;,,;) R q>n @ D’
(1.13)

One of the most important applications of the Rogers formula is to deduce the following
linearization formula for &, (x|q) (cf [9, 18, 26]):

sm

min{n,m}
(x| (elg) = Y m [’Z](q; D3 e 21(x14). (1.14)
k=0
Based on a recent approach of Hou, Lascoux and Mu to the Rogers—Szegd polynomials,
we derive a second Rogers-type formula for 4,,(x, y|g) which leads to a simpler linearization
formula compared with the first one we have obtained.
We conclude this paper with a change of base formula for H,,(x; a|q). This formula along
with other identities can be used to compute some integrals with the aid of the Askey—Wilson
integral.

2. Mehler’s formula for h,,(x, y|q)

In this section, we aim to present an operator approach to Mehler’s formula for the bivariate
Rogers—Szegd polynomials £, (x, y|q).

Theorem 2.1 (Mehler’s formula for &, (x, y|q)). We have
(vt, vxt; q) ,xXt,v/u
3 e, Yl vlg) N TR

ot (q; q),, - (t,)ct,l,txt;q)oo3 2 yt, vxt

provided that |t|, |xt|, |ut|, luxt| < 1.

2.1)

Obviously, Mehler’s formula (1.11) for £, (x|g) can be deduced from the above theorem
by setting y = 0, v = 0 and u = y. We note that it is not difficult to reformulate (2.1) as the
nonsymmetric Poisson kernel formula (1.12) for H, (x; alg). To this end, we first make the
variable substitutions x — e 21 ,y > ae 0y — 2P y — be P, 50 that we may use
relation (1.5) to transform 4, (x, y|q) and h, (u, v|g) into H (x; alg) and H, (y; blg). Then
the formula (1.12) follows from the 3¢, transformation [13, appendix III, equation (II1.9)]:

a,b,c de (e/a,de/bc; @)oo a,d/b,d/c e
. S T ) g, — ). 2.2
3¢2( d,e 4 abc) (e,dejabc; q)oo 3 d,de/bc 4 (2:2)
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Our operator approach to theorem 2.1 involves two identities (lemmas 2.2 and 2.3) in
connection with the g-exponential operator and the homogeneous g-shift operator. The g-
differential operator, or the g-derivative, acting on the variable a, is defined by

D, f(a) = fa) —af(af])7

and the g-exponential operator is given by

= (bD,)"
T(bD,) = :
! ; (@3

Evidently,
T(D){x"} = hu(x|q). (2.3)

Lemma 2.2. We have

(@vi@loo | _ (Vi1 q)oo v/t bs.
T®Dy) { (as, at; q)oo } " (as, bs, bt; q)oo2¢] < by P at) ’ 24)

provided that |bs|, |bt] < 1.

From the Leibniz rule for D, (see [28])

D){f(@)g(a)} = ZW ">[ }D"{f(a)}D” “ed'a)),

(2.4) can be verified by stralghtforward computation. Here, we also note that a more general
relation has been established by Zhang and Wang [31]:

; bst ;
T(bD,) (av; q)oo — (av. b ) (abstw/v; @)oo
(as,at,aw; q) oo (as, at,aw, bs, bt, bw; q)eo
v/s,v/t,v/w
X 3(1)2( / av/bv/ ;q,abstw/v), (2.5)

where |bs|, |bt|, |bw], labstw/v] < 1. Setting w = 0 in (2.5), by virtue of Jackson’s
transformation [13, appendix I1I, equation (II.4)] and Heine’s transformation [13, appendix III,
equation (III.1)], (2.4) becomes a consequence of (2.5).

In [10], Chen, Fu and Zhang introduced the homogeneous g-difference operator

f(xq y) — f(qx,y)

Dyy fx,y
' —q7ly
and the homogeneous g-shift operator
00 Dk,
E(Dyy) = Yy —2—.
o ,; (5 9

The following basic facts have been observed in [10]:
Dx_v{Pn(xa »=a- qn)Pn—l(x’ ¥,
E(Dyy){Pu(x, )} = ha(x, ylq).

Lemma 2.3. We have

E(Dxy) {

(2.6)

0t @)oo Pn(x,y)} _ O 9w Z[ }(y,xt D ok
(x15@)oe (V15 q)n (1, X5 q) oo k] (vt: g '
provided that |t|, |xt| < 1.
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Proof. Let us compute the following sum in two ways:

Zhn(x @) ha(zlg)

n=0

2.7
( D 7

We may either express h,(zlg) as T(Dy){z"} by (2.3) or express h,(x,ylg) as
E(Dy){P.(x, y)} by (2.6). Invoking h,(zlq) = T (D,){z"}, the sum (2.7) equals

Zh (x, )T (Dy){z"}

n=0

(q; q)n

J(D){Zh (x, y|q>((”)) } (ot < 1wzt < 1)
n=0 g5 9)n

Vzt: @)oo }

t| < 1, |xt| < 1).
(et e ) (I |xt| < 1)

- T(Dq){

According to lemma 2.2, (2.7) can be expressed in the following form
O @)oo y, xt
TR 1q.2t ). 2.8
et Xt ) 201 L (2.8)
On the other hand, (2.7) also equals

n

D E(Dyy) {Pux, )} ha(2lg) —
(@ @n

n=0

(q; @n

(=]

n

=E(Dy) ) Pulx, y)Z[ ] (q:9) }

= E(D,y) ZPn(x,y)hn(zlq) ! }

n=0

o0 %} (Zt)k
=]E DXV P P ’
(Dsy) Z(Z (x. 4" )¢ q)n>  (x y>(q;q)k}

k=0 =0

_ Z (zt)" {(yt' @)oo Pe(x, y)}
(q; q) (xt; @)oo (V15 @)k

where |xt| < 1. Now, we see that

— ()" {(yt; 9o Pk(x,y)} V5 oo <y,xz )
E(Dy, = 54, .
k2=(; (45 9 (D) (X15 @)oo (V15 @)1 ()czt,)ct,t;q)o<>2¢l yr

Employing Euler’s identity (1.3) for 1/(xzt; ¢)~ and expanding the ,¢; summation on the
right-hand side of the above identity, we obtain

(e {(yt;cnoo Pk(x,y)} O Qoo g~ 02219
Eva =
g(q;q)k (D) (X1 @)oo (V13 @i (t,xt;q)oo;;(q,yt;q)n (a5 D

n+ktn+kxk

Equating the coefficients of z”, the desired identity follows. |

We are now ready to present the proof of theorem 2.1.
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Proof. From (2.6) it follows that

Zh (x, ¥lg)hn(u, vlg)
= (43 q)n

o0 tn
=E(D,,) Py (x, y)h,(u, vlg) — }
¥ Xz(:) (g5 @n

—ED,) | Y Palx, y>( " Z[Z]Pm,v)}

n=0 k=0

k S n
= E(Dy,) Zmu VP y) s (ZPn(x,qkw(qfq)n)} (Ixt| < 1)

k=0 n=0

- @yt
= E(Dy)) ;Pk(u,v)f’k(x,y) @ Ghd

> tk (t; oo Prlx, y)}
=Y P, E(D,,) { 2L 9ee 7KLY, V) , 0.
2 Pulu 0B “){(xr;q)oo Grgn ) bRISD

In view of lemma 2.3, the above summation equals

O @) Z P, Xk:[ ](y,xt q); ki
(t, xt; q)o J

( q)k = Ot;9),
Exchanging the order of summations, we get
t xt; D Pe(u, g’

(y 4o ZP( Cl)jtjz(x) (e, g7 v) (|luxt| < 1)
(1, %15 @)oo = (61 Yaq)i = (@ ak

(v, Xt goo ZP( O xt:9);

Tt xt uxt; @)eo = (q,yt, VXI5 q);

ta ta [o.¢] k] t7
- QRO (VXN ) el < ),

(t, xt, uxt; q)oo yt, vxt

This completes the proof. ]

3. The Rogers formula for h,,(x, y|q)

In this section, we obtain the Rogers formula for the bivariate Rogers—Szegd polynomials
h,(x, ylg) using the operator E(D,,) and the technique of parameter augmentation [10, 11].
This Rogers formula implies a linearization formula for 4, (x, y|g). We also get another
Rogers-type formula for 4, (x, y|g) which leads to a simpler linearization formula.

Theorem 3.1 (the Rogers formula for 4, (x,y|q)). We have

n m

s 85 oo (y Xs )
hn+m = /R s 3.1
2;,;) o qu)(q Dn (@3 D (5, x5, XT3 q)oo2¢l ys 1 G-b

provided that |t|, |s|, |xt|, |xs| < 1.
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Proof. By (2.6), we have

%,;)h”""( y"”(q D @ :>m
=IE<DX_V>§) ) q)n (;Pmu,q”y)(qf:)m)} (xsl < 1)
- 500 | L P |

(s] < 1, xs| < 1).

- E(D ){(yS:q)ooPn(x,y)}
@ 7L oo (y8; @
Employing lemma2 3, we find

(ys: .Q)oo Z 2": [k} (O, x.s; Dic_nsk

(8, X85 q)oo “=5 (45 q)n = (ys: @i
_ 0819 Z (y, X85 q)k kZ (xt)" (xt] < 1)
(8, X85 @)oo =3 (4> VS @k (45 @n
89 Z (y, X85 q)k y:
(5,8, X85 @)oo 2 (g, Y DO
(985 @)oo Yy, xs
- < 1 q,t t 1 )
(s’xs’xt;q)wm( ys 4 (Il <1
as desired. O

Clearly, the Rogers formula (1.13) for &, (x|q) is a special case of (3.1) when y = 0.
From the above theorem and (1.5), we get the equivalent formula for H, (x; a|q):

Z Z Hyim (x5 alq)

e (4; q)n (@5 @m

as: =0 ¢ o ‘
(as: q)oc. . 2(ﬁl(ae se ;q,te@)’
[e.¢]

(sel?, se 0 te 10, as

m

where x = cosf and [re?|, |se|, [re ], |se | < 1.

As in the classical case, the Rogers formula can be used to derive linearization formula.
For the bivariate case, we obtain the linearization formula for £, (x, y|q) as adouble summation
identity.

Corollary 3.1.1. We have

n m n m .
22 |5 Dk /xs @ix i x, ylg)
k=0 1=0

n m N
=y > [k][l}y;q)k(y/x;q)z(xq ) i (6, Y1@) i (%, Y1q).-

k=0 1=0
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Proof. We rewrite theorem 3.1 in the following form:

(85 @)oo (V5 @)oo "
- N ..~ hn+m
(83 @)oo (t; ¢) oo Zg‘,;) e qu)(q Dn (g5 @)m
= > DO D $7 57 oyl

k=0 (q, q)k(xsq ,61) =0 m—=0 (61 q)n (CI q)m

Expanding (ys: @)oo/ (X85 @)oo, (V13 @)oo/ (t: Do, (56"5 @)oo/ (x5¢": @) by the Cauchy
identity (1.2), and equating the coefficients of ¢"s™, the required formula is justified. ]

We note that Hou, Lascoux and Mu [16] represented the Rogers—Szeg6 polynomials
h,(x|g) as a special case of the complete symmetric functions. By computing the Hankel
forms, they obtained the Askey—Ismail formula (see [4, 11])

min{m,n}
nif{|lm k
hn(xlg) = ) [ ][ }(q; Drq D (=) hy k(X (x1g),  (3.2)
= k|Lk

which can be regarded as the inverse relation of the linearization formula (1.14) for the
Rogers—Szego polynomials. Applying the technique of Hou, Lascoux and Mu to the bivariate
Rogers—Szeg6 polynomials %, (x, y|q), the following relation can be verified:
min{m,n}

U =Dk g @ o B
Z [k}[k]( D*(q; )xq"Y " hy_i (x, Y@ hm—i(x, Y1g) — Y hpam—i(x, yIq)) = 0.

k=0

(3.3)
The details of the proof are omitted. Multiplying the above equation by
" s

(@ Dn (q: Dm
and summing over n and m, we get another Rogers-type formula.
Theorem 3.2. We have

(—Dhy*g @ & " s"
hn m— k(x )’|¢1)

kZ(; (43 ;; i @5 Dt (@ Din—r

= (xst: q) ho(x, Y@ hm (x, ylq) (34

> % mX;) (43 q)n @ D’

Clearly, the classical Rogers formula (1.13) is a special case when y = 0. By equating
the coefficients of #"s™ in the above theorem, we can derive a simpler linearization formula
for hy,(x, ylg).

Corollary 3.2.2. For n,m > 0, we have
ha(x, yl@)hm(x, y1q)

B i 8 e

% (0; D (@ D (=D x5 3 g Oy o1 (x, y1g). (3.5)

The following special case of theorem 3.1 for y = 0 will be useful to verify the relation
between h,(x|q) and h, (x, y|q).
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Corollary 3.2.3. For n,m > 0, we have

min{rn,m}

n m
(@ X" hyem—2i (x1q)
[l
= Z[n]y"hn_k(x,qu) Z[n.l}yfhm_j(x,qu) : (3.6)
o LK i—o L/

Proof. Setting y = 0 in theorem 3.1, from the Cauchy identity (1.2) and (1.6) it follows that

ZZhM xlq)

e (43 q)n (@ @)m

m

B 1 o 085 )k
(8, X8, X85 @)oo =5 (45 Dk
st (V@)oo (V8 9)
(8, ¥1: @)oo (t xt'q)oo (5, X8 ¢)oo

(875 @)oo
= h, hn
T 08 Do 2;;) (oY@, v "’)(q D @ D’

(It} < 1)

(el Isl, |xt], [xs| < 1)

m

3.7)

which can be rewritten as

ZZMM l9) ———

(st Qoo q)oo —— (43 q)n (g: D q)m

ZZhn(x YIhn(x, ylg)

T O YS Dee q)oo == (q; q)n @ D

m

where |¢], |s], |xt], |xs| < 1.

Assuming that |xst|, |yt], |ys|] < 1, we can expand 1/(xsf;q)s0, 1/(Vt; @) and
1/(ys; @) by Euler’s identity (1.3). Equating coefficients of ¢"s™ gives (3.6). Since
[t], |s|, |xt], |xs| < 1 and |xst|, |yz], |ys| < 1, we see that |x| and |y| must be finite. This
completes the proof. (|

When y = 0, both (3.5) and (3.6) reduce to the well-known linearization formula (1.14).
Setting m = 0 in (3.6), we are led to the following relation between £, (x|q) and &, (x, y|q):

n

ha(xlg) =) mykhn_k (e, ¥lg). (3.8)

k=0

which is a special case of a relation of Askey—Wilson [6, equation (6.4)]. The inverse relation
of (3.8) is as follows:

- n 3
ha(x, ylg) =) u (=g Oy, i (x1g). (3.9)
k=0
Note that (3.8) and (3.9) are equivalent to relations (1.10) and (1.9) between H,(x|g) and
H,(x;alg).
In fact, we can go one step further from (3.7). Reformulating (3.7) by multiplying
(ys, ¥t; @)oo on both sides and expanding (ys; ¢)so, (V1; ¢)oo and (xst; q)s using Euler’s
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formula (1.4), we get

e q(é)*’(g)(—y)f*'k t’H'j sm+k

DD e hu )

puarr e S CAE AN CEEOF (G Dn (G5 @Im
iiiq h (x y|q)h (x y|q) tn+k sm+k
n=0 m=0 k=0 (C], (q Q)n (q Q)m

Comparing the coefficients of #"s™, we reach the following identity:

ZZ[ ][ } G (=)t (1)

j=0 k=0

" T GYERY:
2 [ Mk](q;q)"q D (=) Rk (6, YI@) i (X, Y1q). (3.10)

k
k=0
Setting y = 0 in the above identity, we are led to the Askey—Ismail formula (3.2).

4. A change of base formula for H,(x; a|q)

In this section, we give an extension of the g-Hermite change of base formula to the continuous
big g-Hermite polynomials. The corresponding statement for 4, (x, y|g) is omitted because
we find that it is more convenient to work with H, (x; a|q) for this purpose. This formula can
be used to evaluate certain integrals.

In [19, p 7], Ismail and Stanton gave the following g-Hermite change of base formula for

H, (x|p):
n/2

Hy(x|p) =Y cunj(p. @) Hy2j(x]q). “.1)
j=0

where x = cos 6 and

k .
. ooy [ — 2k + n . n
Cunu(prq) =y (1) pg(s >[ - ] [k } - p"—z"”f“[ . } .
=0 J q —Jdp k—j—11,

From (1.9), (1.10) along with the above relation, we obtain a change of base formula
forH,(x;alq):

n

H,(x:alp) =Y dujim(p. @) Hoej21-m(x; alq), 4.2)
j=0
where x = cosf and

wpn A, gy
dn,jim(Psq) =[ ] (—1)7 pOal > [ } Cnjin—j-2(P, q)a"™.
q

m
=0 m=0
Based on the orthogonality relation of g-Hermite polynomials H, (x|q)

(C] 61)00/ H (XIQ)H (X|q)(6219 _219, q)oodé’ = (6] Q)n mn s

Ismail and Stanton [19] found two generating functions for the g-Hermite polynomials:

i Hy(xlg) , (=11 @)oo

=— . : 4.3
= (@* 4P (te?, e 20; g2) @3
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i Hi(xla®) » _ @) @4
= (g3 Dn (te, 1e71%; q)o
where x = cos .
Similarly, from the orthogonality relation [23] of H,,(x; alq)
(4 q) (C "))
= H (x; alg) Hp (x; alq) — - d6 = (45 @)nSmn> 4.5)
(ae,ae™; q)eo

it follows the identities

n/2 n—2k n— n— . .
i(z e >H<x'a|q>=(“2t’qz)°°(_t’q)°° (4.6)
=\ =@ G Do) (1e?,1e720; %)

o] n 2
(=g ke (at; Q)oo(qt*; ¢*)
2 (Z ; Hi(xialg®) = <o e @D
N\ = (@ 4G5 Dnk (e, 1e7%; q)oo
where x = cosf.

Clearly, (4.3) and (4.4) are the special cases when a = 0. Recall that the generating

function [23] of H,,(x; alq) is

n

B (at; @)oo
ZH (x; a|q)(q On (el re 1 g)’

X =cosf. 4.8)

Setting ¢ — p and multiplying by the weight function (€%, e %; ¢)oo/(a e,

ae ?; q)s, the integrals of the generating functions (4.6-4.8) on base p can be stated as

follows:

I = (4 @)oo (@’t; pPoo(—1; Poc [T €, e q)o "
p.qlad, 1) = ) i 6. 2 1~ 2i0. 2 ’
T o (@ae?,ae™;q)o(te’, te 2% p?)o
H, (a.1) = (@%; gD oolat; poo(pt*; pHoo /” (€, e72%; g1 "
pa 2 o (ae ae ;g (te te 9 p)y
: at; b4 62i6 —2i0 .
PRIy R P R—
2z o (@ae?,ae™;q)o(te?, te™%; p)o

When a = 0, they reduce to the integrals J,, ,(t), H, ,(t) and I, , () introduced by Ismail and
Stanton [19].

We conclude with the observation that for some special values of p and ¢ the above
integrals can be computed by the Askey—Wilson integral [13, p 154]:

@D [T e, e g
2 /0 (ae?,ae ™ bel? be ¥ cel? ce i, del? de ; q)o
(abed; q) o
" (ab,ac,ad, bc,bd, cd; q)s

Because of the change of base formula (4.2) and the orthogonality relation (4.5), we may
transform the above integrals into summations:

do

4.9)

o0 n/2 (") gn—2kgn—k "

Jrglan =352 Zdn,,n,ﬂ(p 9,

n=0 k=0

(P% PYi(ps PIn—2k
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Hpq(a, 1) = ii CUprate Eﬂ . jin—j—2(P*, q)
pg e 2. 2 . n,j.ln—j— ,q),
n=0 k=0 (p P )k(P’ p)n—k

j=0
o0 tn n

Iga,)=>" @ > djin-j-a(p.q).
n=0 g

Using special cases of the Askey—Wilson integral (4.9), we give some examples of

H, ,(a,t) which have closed product formulae:

o0 n

(_ 1)qu2dk[n+k n 5
Hygla.)=>">" > dujin-jag’.q) =1,

2. 42 .
n=0 k=0 (q I q )k(q7 q)n—k j:0

o0 n 2 n
(_l)k(_q)k aktn+k
H_ggla,y=Y %" > dnjin-j-u(g q) =1,

Hpg(a.t)=Y %"

2. 42 e
== @ (=g @k =

(—l)kq2k2aktn+k n
> dujin-j2aq* q) = @ ¢hee,
j=0

4. 4 2. 42
= @ a7 g )k o

o n 2 n
(_l)kq2k Clkln+k (Clt3q6; q6)
Hppla )= %" Y dujin-j-u(q q¥) =

=D @ e Pk (g% g%
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